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Abstract

In this monograph, a new scheme for constructing a velocity boundary condition is proposed for Lattice Boltzmann Model: it enables one
to prescribe exact nonslip or slip velocity on every shared face between any adjacent fluid and solid cells, defined by a 2/3D binary image. With
respect to image cells, a face-center LB lattice is adopted so that each lattice boundary node coincides with the center of a shared face between
a pair of adjacent fluid and solid cells. Extended from the 2D off-equilibrium bounce-back scheme proposed by Zou & He [1], this scheme makes
use of both first- and third-order moments of Probability Distribution Functions, {7, }, also referred to as particle populations, at each node
on a boundary face in « velocity directions, to construct every particle population with an unknown/unspecified quantity; it results in that all
particle populations become known and specified after the streaming operation. The scheme possesses the following characteristics:

. On-site as it makes use of particle populations at each node only;
II. Retaining all known particle populations;

I1I. Nodal mass conservation as it ensures particle populations entered each solid cell and come out it by applying a correction to zero-
direction particle population.

It is convenient for parallel implementation and can be used for modeling fluid flow with strong interaction between the fluid and the solid
at the wall of a flow domain.

Keywords: Lattice Boltzmann Model; Third-order moments; Boundary condition




Onsite Construction of Mass-Conserved Boundary Conditions for Prescribed Velocities on

Solid Walls Using First and Third Order Moments for Lattice Boltzmann Simulations

Introduction

Lattice Boltzmann Model (LBM) has become a popular approach in Computational Fluid Dynamics. LBM represents a fluid as discrete
Probability Distribution Functions (PDF) { 1, }, or particle populations, at each lattice node on a lattice along with ¢ velocity directions. For
low Mach-number fluid flow as considered in this monograph, each particle population f can be divided as the sum of non-equilibrium and
equilibrium parts, donated as s and £, respectively (for details see the next section), and LBM simulates fluid flow by colliding particle
populations at every node toward equilibrium counterparts and then streaming every particle population of a node to an adjacent node along
with its respective velocity directions. Unlike in the standard continuum approach, the fluid is treated as a continuum, and its flow behaviours
are characterized by basic physical quantities (e.g., density, velocity, and temperature{p.u,6}) to be solved governing partial differential
questions (e.g., Naiver-Stokes equations and heat conduction equations), LBM does not solve basic physical quantities directly but recover
them from the moments of PDF.

Given a physical flow domain that contains void space for fluid to occupy and its conjugated solid space, LBM requires that domain be
discretized into lattice or mesh. The easiest way to do this is to construct a regular spacing lattice composed of a fluid and solid nodes to fit that
domain as tightly as possible. It is known that on a regular spacing, lattice LBM computation can be optimized by many techniques, including
efficient parallelisation [2]. However, a regular spacing lattice cannot fit a flow domain that contains an irregular boundary tightly, and that
boundary can only be approximated by a set of zigzagged connected surface patches of a regular spacing lattice. In a Cartesian coordinate
system, each surface patch is a square; its normal coincides with the cardinal direction of the coordinate system. In LBM fluid and solid
interaction is treated by one of two approaches:

1)  Implicit surface approximation in which the interaction is assumed to take place on an implicit surface that matches closer to the
boundary but cuts through a set of adjacent fluid and solid nodes [3,8], and

2)  Explicit patch approximation in which the interaction is assumed to take place on a set of zigzagged connected patches [1,9-12].

The explicit patch approximation has been widely applied in modeling flow in porous media where a physical flow domain cannot be
defined precisely but only approximately. The binarization of an X-ray tomography image of a porous sample is a widely adopted process to
obtain an approximate flow domain to the unknown actual physical domains [12-15]. In this monograph, this second approach is of concern
only, and hereafter an input to LBM is a binary image whose pixel/voxel values of 0 or 1 define fluid (or pore cubic cells) or non-fluid (or solid
cells), respectively.

Given a binary image as an input, the explicit patch approximation can take two different pathways depending on how an LB lattice is
defined with reference to the cell-based input image. The most common approach is to define a lattice so that each of its nodes is located in the
center of a cell, and each shared face between two adjacent fluid and solid cells defines a patch on an approximated solid wall surface. This leads
to a so-called cell-center lattice on which nonslip velocity can be ‘recovered’ on each patch with a zero patch-tangential component simply by
applying a bounce-back scheme during the streaming operation. Since the bounce-back scheme can be implemented almost without incurring
a further computational cost, this is where claimed advantages of LBM lie for dealing with a complex flow domain. However, the bounce-back
scheme results in a nonzero patch-tangential velocity component at each fluid node next to a patch on a cell-center lattice [16-19]. Besides
this drawback, a cell-center lattice has another even more critical weakness, that is, one cannot develop velocity boundary conditions to match
exactly prescribed velocities on each patch because no lattice node is defined on any patch [16-19]. This limits LBM to be applied where nonslip
boundary condition is necessary for modeling flow correctly, such as in tightly confined pore space where the slip flow is dominant [20].

To overcome the drawbacks of the cell-center lattice, we propose here to construct an alternative type of lattice, face-centered lattice, for
LBM. In a face-centered lattice, every one of its nodes coincides with the center of one of the shared faces between every pair of adjacent image
cells. In effect, such a face-centered lattice expands the fluid domain of the 3D image by half of a lattice unit on every wall face. Appendix A
shows all 2D boundary configurations defined by a 2D binary image whose fluid and solid cells/pixels are overlapped by the corresponding
face-centered lattice inflated into solid image cells. In this monograph, we develop a method for constructing velocity boundary conditions for
the flow domain defined by a 3D binary image on its corresponding face-center lattices.

In LBM, the construction of a velocity boundary condition is often performed in conjunction with the streaming operation to ensure that
after streaming, every particle population at a fluid node is defined. After streaming, each undefined/unknown particle population at a fluid
node must be adjacent to a solid node along one direction. If that particle population is constructed from known particle populations of the
same node only, and prescribed boundary condition on the solid node, we refer it as onsite construction [9], otherwise off-site construction
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[10]. The bounce-back scheme on a cell-center lattice is an onsite construction for nonslip velocity condition; it does this by setting each
unknown particle population, which would be streamed out of an adjacent wall node at a direction, by the particle population which enters
into the wall along the opposite direction. This monograph reports the development of an onsite scheme for a face-centered lattice in 3D that
considers all possible combinations of zigzagged patch arrangements.

Some earlier onsite construction schemes for zigzagged boundaries were developed for 2D only or do not satisfy the mass conservation.
For a brief review, the reader is referred to Latt et al. [11]. Early work includes Inamuro model [21] and Zou-He model [1]. Inamuro et al. [21]
proposed to evaluate the unknown f, using their equilibrium counterparts with a counter-slip velocity and undetermined density. This scheme
is only applicable in 2D, and it is impractical to extend to 3D (see Latt et al. [11]). Based on the boundary conditions developed by Noble et
al. [22] and Maier et al. [23], Zou and He [1] proposed an off-equilibrium bounce-back model for the D2Q9 but limited to 2D only as it would
induce conflicts in the momentum equations.

Many previous schemes did not satisfy this[24,25]. For example, Inamuro scheme [21], the density was implicitly determined in boundary
reconstruction. As pointed by Chopard & Dupuis[24] and Lattetal. [11], “even though these conservation laws guarantee equal mass in the pre-
and post-collision state of a cell, they do not guarantee global mass conservation in the system.” This defect is related to the non-equilibrium
parts of particle populations, and results from the boundary reconstruction which does not guarantee the same amount of mass to be received
by a wall will be re-injected in the fluid after streaming. We will show the on-site reconstruction scheme satisfies mass-conservation as it uses
the particle population at 0 direction to compensate the induced mass difference.

Almost existing boundary condition reconstruction schemes retain all known particle populations, which are streamed from neighbour
fluid nodes, and only reconstruct unknown populations, which are streamed from solid wall nodes, including Inamuro model [21] and Zou-
He model [1]. But there are schemes which do not follow this ‘rule ‘ and replace all known populations [11]. The simplest approach is to
replace every particle population by corresponding equilibrium particle populations. In this over-simplified approach, only zero and first-
order moments of PDF may not be zero, whereas all higher-order moments of PDF are zero. Latt et al. [11] demonstrated this approach is
not accurate and proposed to replace all PDFs with each corresponding equilibrium part plus the second-order moment. The second-order
moment was reconstructed through an off-equilibrium bounce-back method, and for the reconstructed PDFs, we have nonzero moments up
to the second-order only. However, this is not applicable to thermal LBM simulation with an isothermal boundary condition, because the heat
flux is generally nonzero and is directly linked to the third-order moments.

Some previous schemes reconstructed unknown particle populations from the second-order moments [10,26-31], which are related to the
stress tensor or strain rate tensor. Skordos [10] calculated a stress tensor from the velocity gradient using finite difference, an offset scheme.
Taheri et al. [32] used Grad’s 13-moment equations to explore how the slip velocity is related to the higher-order moments. These show that
the different orders of the moments correspond to different states of the same flow filed at a continuum scale that the boundary conditions
are prescribed. Therefore, in order to ensure the prescribed boundary conditions are consistent, we should avoid selecting those orders of the
moments that would amount to constrain different states at the same location. It is easy to see that all odd orders of equilibrium PDF moments
are linear functions of velocity, whereas all even orders of equilibrium PDF moments are square functions of velocity (see Eq. and Eq. for
details). Therefore, we propose to the first and third orders of PDF moments to develop our on-site reconstruction scheme.

More specifically, we extend the off-equilibrium bounce-back model proposed by Zou and He [1] from 2D to 3D and propose zero off-
equilibrium third-order moments of the PDF model. We will preserve the known particle populations at boundary nodes, as it is necessary.

To summarise, this monograph proposes a 3D mass conserved reconstruction for prescribing slip and/or nonslip velocity boundary
condition on each wall surface. The reconstruction retains all known particle populations which are streamed from neighbour fluid nodes. The
reconstruction is onsite, i.e., unknown particle populations are reconstructed using the known particle populations in the current node only.
The boundary condition is reconstructed using the first and third-order moments of PDF only. We postulate even and odd moments should not
be mixed in the boundary condition reconstruction due to corresponding to different physical quantities.

This monograph is organized as follows: Section 5 gives a brief overview of basic LB equations for D3Q19 lattice. Section 6 reveals non-
equilibrium and equilibrium moments up to the third order. In section 7, all possible boundary configurations on a cylindrical channel are
reconstructed. Section 8 treats inlet and outlet boundary conditions. Section 9 gives some cases study followed by conclusions in section 10. In
Appendix 4, it is elaborated how a flow domain in a binary image can be transformed into a face-center LB lattice. 3D face-centre LB lattice can
be built from an X-ray CT image in the same manner. All possible boundary configurations in 2D are enumerated, including those which have
not been considered in the literature. In 2D, cases 1, 2, and 3 have been considered, whereas cases 4, 5, and 6 have not yet.
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Lattice boltzmann model in D3Q19 lattice

Assume the force acting on each particle is¥, the mass of each particle ism , and particle density is#, then the mass density , = p(r,t)=mn, the
force applied on unit volume will beF =»F’. Velocity distribution function (&, ,s)satisfies the Boltzmann equation as follows:

FEry  FEry) 1, FEr)_ f-f* )
ot or Yo 53 T
In which equilibrium distribution
S ) [e-u(en] @)
f (@,r,t)—n(r,t)l"(ﬁ,r,t)—Pﬂﬂ(r,tﬂb,zcxp{— 28000)
and
L e 1 o _[;—u(r,t)]2 3
re ’t)_[zzra(r,z)]”"2 P{ 20(r.1) }

Following He et al. [33] we adopt the following approximation

o (erd) T (& )

% 2% ) () )

then Eq. can be integrated as

J- A f — _f”d J-r+.arF g l.l)

FEr+EALFHAL) - f(Er.t)= (& r.t)dt ()

If the trapezoid approximation is adopted to first integration on the right-hand side of Eq. (5) and rectangle approximation to second
integration in Eq.(5), we have

_ 4
f(g,r+:At,t+Ar)—f(:,r,r):—(f ff )'+AtF'(§;“)f“‘f|, (6)
in which
Fofei=toil 7
2 At 2 )

The discrete Boltzmann equation may be obtained by discretization Eq. for typical lattice structures, without loss generate, we use D3Q19
in this monograph (Figure 1).

A

N
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Figure 1: Sketch of D3Q19 Lattice.

The normalized lattice vectors for D3Q19 lattice reads

e, (a=0,1,-,18) (8)

a
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e 01 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18
x010-10001-1-111+--11200 00 9)
y 001 0 -1 0011 -1 -10 0 0 0 1 -1 -11
z000O0O 01 -0 o0 0 01 1 -1 -11 1 -1 -1
The standard lattice velocity &, = Ax , Ax is the length of space lattice. Let denote the following discrete functions:
2
g,ou (B, u) o (10)
T (r.f)=T(,.r,f)=w,|1+=—+ -
xx( ) (E-’ ) g 262 28
1/3 a=0 (11)
w,={1/18  a=1,2--,6
1736 «a=78,---18
fo=Ff.(r.t)=mf (&,.r.1) (12)
S (r.t)=mf (&,.r.0)~ pT, (r.t) (13)
Let
Ax (1)
c=—
At
introduce the following dimensionless variables
PO S S L (15)
At 2 Ax At
u - 6 1
it g-0_1
u=- =3 (16)
~ ~ eq
pel, Jode, ool (17)
P Pe Pe
~ FAt
F e (18)
in which P. is the reference density of the system. Then the dimensionless form of Eq. reads
_ e i (e, 0) @
= il Tl il S 1
T, (i)=w,|1+ 5 + Yy (19)
The dimensionless form of Eq.(13) reads
fe=pr, (i) (20)
The dimensionless discrete form of Eq(6) reads
~ - P f(F,0)=f9(¥,0) F-(e,—@
Jo(Fre i) (1) - LB R, (e; 9, () (21)
T
Let the collision variable be:
i;(f,hl):(l—éjja(f,i)+[§+w}ra(ﬁ) (22)
7 3 [
Then Eq(21) may be rewritten to define the streaming operation as
1. (Fre,,i+1)=f(F7+1) (23)

Mass equation reads

iig(f,fﬂ):,s(f,fﬂ) (24)
1‘\1/[:((;mentum equation reads

ifa(f,f+1)ea=,3(f,f+1)ﬁ(f,t'+1) (25)

In the node near to the solid wall, if direction & (¢ stands for the opposite direction of ¢ ) points to the solid node, the zero velocity may
be achieved by applying bouncy back boundary condition in the streaming step, i.e.

£, (BF+1)= fs (R +1) (26)

B —— .~
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in which /5 (faf +1) can be calculated by Eq.(22),Eqgs.(19),(22)-(26)forms a close set of equations for the first-order accuracy of Lattice
Boltzmann Model. Eq.(26) is the so-called traditional bounce-back boundary condition.

Moments of probability distribution function

Let introduce the moments of probability distribution function up to the third order, and they take forms as follows:
The zero order moment:

M=>7.=p (27)

Its component form reads as follows:

p=(fi+Fo+ Fo+ hot D)+ o+ o+ fi+ Fo+

(28)
fs+ T+ fs+ fo+ fotfs+ hs+ e+ fi+ fis
The first order moment
~ 18 ~
M=3 e, =pu (29)
a=0

Its component form reads as follows:

Mx:f~1+J;7+f~10+];11+f~14_];3_f~8_f~9_]?12_f13:lbax (30)

M, =f-foth=fitfs—fothis+hs—fis—Ji7 =Pu, (B
Mz:fn_fm"’fs_fs"' 12'f13+ T 16_f17_f18:,5ﬁz (32)
The second order moments
S=> f.e, ®e, (33)
a=0

The component form reads as follows:

A T A S S A1
it fr St hs S (34)
. o . - N Ay Sy . B . .
S=| (fi-Fu)+ /-1 (§+;)+ff+;+’; Fs—Fo+Fo—Fs
The third order moments
Q-3 e, @, @, (35)
The:hird-order tensor () can be represented as:
Q=(0,)=(0.) (36)
In which
o\ (it Ft s Fut Fa) IR
0,=0. |- (Fi=F)+ 7= 7y 37)
Qs (fi=Fu)+ =
5 (7 Fu) o
0 =| O |=| (5= Fu)+ Fom Fit Fom T+ Fis+ = Foa= oo (38)
Or fis+ o= Jin =
5 ()T T
0,=| O |= Jis+ T =TTy (39)

Osss (jil_];l4)+.f;_f~6+ ~12_](13"' ~15"' ~16_ji7_.fi8
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Qllz (J;;_J;Io)+f~¢;—ﬁ;
.| 0 |G- o
O 0
_ Qlls (ill 7f14)+f12 7i13 (41)
QIS = lea = 0
O3 (f”+ 14)_/;12—J;13
Q213 0

szz 9223 = ];15+~16_f17_f18
O, ]?15 + ~13‘]716_1717

Note that the following symmetric conditions hold for {ék} and {ka }, respectively as follows:

(42)

0, =0, and Qijk = jSk = Q}g,‘ = Qi]g‘ (43)
Similarly, we may define the moments at equilibrium as
- 18 N
My :Zf;q =p (44)
a=0
~ 18 ~
M =3 T, = i ()
a=0

S = Zf;qea ®ea (46)
a=0

Q=) e, ®c, B, (47)
a=0
Substituting Eq(20) into Eqs.(44)-(47) then Eqgs.(44) and (45) are automatically satisfied, and

oloz) gz, s
Sv=| pia, p 1+122J pii it
v 3 vz (48)
o o e (1,
P, piL.i, p[ngj
il pii, 13\ ( pii, /3
pit, /3| | pit, /3 0
pii. /3 0 pii /3
pit,13) (pii, /3 0
Q=||pa /3| | pa, | | A/ (49)
0 pii./3) \ pi, /3
pii_ /3 0 pii /3
0 pi, /3| | pi, /3
pi3) \pa,3) i,

In the case of the low Mach number approximation, one may perform Chapman-Enskog expansion

FoFOLF0 250 . (50)
For the first-order approximation, we may simply denote

f=70+ 0= (51)
Consequently

S=8%+8"" (52)
Q=Q“+Q" (53)
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where superscript “non” stands for nonequilibrium. §"and Q" are evaluated by Eq.(33) and (35) respectively, using /. It can be approved
that shear stress can be expressed as:

o=devS™” (54)

where “dev” stands for deviation part. Applying Chapman-Enskog expansion, one can show the following:

o=devS™ =2uA (55)
where
A:%[VH(Vu)r] (56)

Comparing Eqs.(37) - (42) with Eqs.(53) and (49) we have
O =(f+Fot ot it fia)=FimFo=fo=Fio=Foa = it + O (57)
Oy = fr=Fu+ fo=fot o= Fot fis+ s = o= 1y = Pit, + O3 (58)
9333 :~J;11 jjii +J~;5 _{;6 +J;12~_j13 +f15 +]‘;i6 —];17 _1718 = pi, +Q3nao3n (59)

O = fr+ fs=fo = Fro =3 P, +OpY

(60)

O = i+ o= s Fro =5 P+ O3 (61)

Oup =+ Fo=Fo=Fy =5 70, + O3 (62)

Ous = it Fi=Fo= T =3 P+ 033 (63)

Oui = ot Ju= = For = P + O3 (64)
1

Q323 = f~15 + ~18 _jie _J;17 =3 ~Zzy + ~3nzo; (65)

Since the first-order mome3nt M is assumed exactly equal to the momentum s, we have

i =05 = 03 =0 (66)
Substituting Eqs.(60) - (65) into Egs. (57) - (59) we have

Jim o=y it - 03 - O (©7)
FomFom i, =0 =0 (68)
Fom o= i~ O - 0% ()

Section 7 will demonstrate how the third-order moment equations will be used to close nonslip (or prescribed velocity) boundary
conditions.

Boundary reconstruction in 3D

In this section, we reconstruct the velocity boundary condition for each fluid node adjacent to a wall node for all possible boundary
configurations on a 3D face-centered lattice, which is defined on a 3D image containing » x m x k voxels/cells. In this monograph, we use a
local lattice with the nodal numbering system, as shown in Figure 1 to discuss boundary reconstruction. That is for each fluid node, which
is adjacent to one or more solid nodes on the boundary walls; we position the local lattice centered on that node with nodal index 0, i.e.,
node 0, as illustrated in Figure 1. This nodal numbering system consistently defines the velocity directions of the standard D3Q19 stencil
(without illustrating the direction arrows on the figure), meaning that nodal indexes are identical to velocity streaming directions. By this
nodal numbering system, in the streaming step f, (f',f + 1), the probability distribution function of node 0 in the direction ¢ is streamed from
£ (f‘ +e [+ 1) the probability distribution function of a neighboring node with index & (opposite to & ) in the same velocity direction 2

Table 1 list all opposite pairs of velocity streaming directions(a,a) in Figure 1. Note that we will mix using terminology velocity streaming
directions & with the node ¢ in the rest part of the monograph without confusion. If a neighboring node with index & (or § +ea] is a fluid
node, f, (f',f+1) is known, and if F +e,, is a solid node, f, (f‘,f+ 1) is unknown and needs to be reconstructed.
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Table 1: Opposite Pairs of Velocity Streaming Directions

a 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18
a 3 4 1 2 6 5 9 10 7 8 13 14 11 12 17 18 15 16
Solid wall cell

Figure 2 shows a configuration of the first case in which nodes 6, 13, 14, 17, and 18 are on the solid wall. According to Table 1, f, (i,f + 1)
for (o =5,11,12,15,16) will be streamed out from f, (Freni+1), £ (F+eyi+1), f,(F+e,.i+1), fi;(F+e,.i+1) and f (F+e,,7+1)
respectively, or simply by saying, probability distribution function at solid nodes, 6, 13, 14, 17 and 18 at respective mapped velocity directions.
Note that in following discussion of each later case we will take the way of the latter expression as long as it does not cause any confusion.

A7

Figure 2: Solid Wall Boundary Cell.

Suppose that i = (ﬁx,ﬁy,o) are prescribed on the boundary. We only need to determine f~5’f11’f12’f15’J}15 and p, because all other probability
distribution functions f; (i #5,11,12,15, 16) are known, which are streamed from neighbored fluid nodes. In order to determine five

unknowns Fos Fovs s foss fo» ONE MAY USE the first-order moments from Eq.(30) - (32). However, we only have three equations for five unknowns.
So, we choose the remaining complementary equations from the third-order moments. Since nodes 6, 13, 14, 17 and 18 are solid wall, we

assume
i =05 =0 (70)
Fr(lm Eq~s. (61), (63) and (70)
Sutfo—fis— /=0 (71)
ke odyand tr0)°

fi=1 (72)

Eq.(71) together with Eqs.(30) and (31) lead to the following set of equations:

fi=1J;

~ 1 .. = j~p3+j~px+j~09 _]1+J;7+—1o 73
fu:E/mx"'fls"'( ) ( ) ( )

ﬁzz_%ﬁﬁx+ﬁ4_('ﬁ+fé+f;)_2(‘fl [+ l0)

e o7, oo R i)

2
ji"=_%lbﬁy+flx—(f4+f9+fi°)2_(f2+f7+f3)
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To ensure mass conservation, we enforce the total mass that comes out from the wall equal to the total mass that is sent into the wall, i.e.

7 7 7 7 7 _ 7 c 7 c 7 c 7 c 7 c

s+t fot histhie=Jo + S5+ fu+ 15+ S (74)

Since Eq.(73) cannot guarantee Eq.(74) to be satisfied, we set the probability distribution function at the resting velocity direction, as
7 _ e Tc Tc e Tc e 7 7 7 7 7

fo—fo'i'(fﬁ+ ptJut /T 13)_(f5+f11+ pt/ist 16) (75)

Substituting Eq.(32) into Eq. (28) and using Eq.(75)
it (Fa ot Fo Fut e ot Tt o)
+(Fo+ Fs+ Fat Ty + B )+ (fo+ Fis+ Fra+ Fio + )

Similarly, if nodes 5, 11, 12, 15, and 16 are the wall nodes, Eq. (71) together with Egs.(30) and (31) give rise to

(76)

fi=7s
AU Vi A2 (ATAED)
2 i) (77)
g i) 01
fi7=_%/~7ﬁy+ii5_(ﬁ‘+f9+ 10)_(f2+f7+fs)
‘flg:%ﬁﬁy+ﬁb+(ﬁ+ﬁ+:0)2_(f2+.}7;+i;3)

In order to satisfy the mass conservation condition, the probability function at the resting node could be set as
7 — NC ~C ~C ~C ~C ~C 7 7 7 7 7
fo=1o +(f5 + i+ 12+f15+f16)_(f6+ ntSut/nt 18) (78)
Such that the total mass can be written as
P=Ii+(h+ B+ ht fo+ Fo+ o+ fo+ o)

+(.f;c+ 1?+ I;+ 1§+ 106)+(f;+ 1]+ 12+ 15+ 16) (79)

As shown in Figure 3, if nodes 2, 7, 8, 15, 18 are solid wall nodes, in the streaming step, the probability distribution function at nodes 4, 9,
10, 16 and 17 need to be reconstructed, i.e., i =(i,,0,7.)and the other /(i#4.9.10,16,17) are specified. We want to determine 7,, , /.., /s, /, and
. In principle, Figure 2 and Figure 3 are the same boundary configuration; one of them can be obtained from another one through a rigid body
rotation. We repeat the derivation process above because some equations need to be used later. Since nodes 2, 7, 8, 15, 18 are solid wall nodes,
we assume

MU

Figure 3: Solid Wall Boundary Cell.
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Anon __ ynon __
121 — =323 _0 [80)

From Egs.(60), (65) and (80) we have,
(£ =7)+ (A= F)=0

(f~15_f17)+(f~18_f15):0 (81)

From Egs.(68) and (80) we have

fi=5 (82)

Eq.(81) together with Eqs.(30) and (32) give rise to

. (83)
fit fot fi) =t Fu+ 83
fg=_l/~7ﬁx+};7_(fa+ﬁz+ﬁ3)2(ﬁ+ﬁl+f14)

Jro =%[)ﬁx + i+ (i3 + e +J;13);(fl +1 +i14)

/;17 =_%ﬁﬁz +i15 _(j;6 +/;13 +i14);(f5 +f11 +flz)
fl(’ =l'bﬁz+]ﬁls+(f6+ 13+ 14);(f5+ 11+ 12)

In order to satisfy the mass conservation condition, the probability function at the resting node could be set as

Tom Js +lJs + s e T din Ta) (P v Tt T o) @
Such that the total mass can be written as

ﬁ:f(]6+(ﬁ+/;3+j;+ﬁ+ ~11+ ~12+ ~13+ "14)
+(F+ F+ Fe+ Fs+ B )+ B+ Fo+ F+ Fis+ Fis) (85)

Similarly, if nodes 4, 9, 10, 16 and 17 are solid wall nodes, we have

L=7

~ - ~3+~12+.13_ ~1+~11+~14

ﬁzéﬁww(f )2(f Fut 1) (86)

]78:_%pux_'_fm_(fz+fu+f13);(f,+f“+fm)

_%Mz"— ~”+(ie+ ~13"’ ~M);(is'*' ~11+f712)

Foe-tpi g, erh R G o)
In order to satisfy the mass conservation condition, the probability function at the resting node could be set as

fo= I H(Fe v B+ B B+ J )= (A+ T+ o+ Fis v i) (87)

Such that the total mass can be written as
p=fi (A Ft fot Tt Fut ot it Fu) (88)
I+ s+ Fo Fia+ 15)+ (Lot o+ Foo+ Foo+ A
Concave edge cell

Figure 4 shows a case containing solid nodes 6, 13, 14, 17, 18, at the bottom, and 2, 7, 8, 15, 18 at the back Given ﬁ=(0,0,12x) is
specified. /; (i#4,5,9,10,11,12,15,16,17) are streamed from neighboured fluid nodes, so they are known. We want to determine
]74, ﬂ, }?9, flo, f~11’ 1;12’ 1715’ fm, fw and ,5 . Since nodes 6, 13, 14, 17, 18 are the solid wall, we assume Eq. (70) is satisfied, thus Eq. (71) and Eq.
(72) are true. Since nodes 2, 7, 8, 15, 18 are solid wall nodes, we assume Eq.(80) is satisfied, thus Eq. (81) and Eq. (82) are true. From Eqn.
(71) and (81) we have

]716 = ils (89)
Sis =Sz (90)
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Figure 4: Concave Edge Cell.

Both fls and fn are unknown nodes and they opposite each other; thus, they form a pair of buried links. We made an additional assumption
that the sum of the probability distribution function in direction 15 and 17 satisfies the bouncy back condition i.e.

]?15 +/;17 = f~1§ +f~1; (91)

Where flg and flg stands for probability distribution function after the collision step. From Egs. (90) and (91) we have

- - C + ~C
f15 = f17 = fls b = (92)
From Eq.(30) we have
fl"’f7+ ot 11+f14_f3_f8_f9_f12_f13=:5ﬁx (93)
Because the X direction is not towards the solid wall, either Q;’{’;’ or ~3"1"3" may not be zero. However, since the ) axis and the z axis are

symmetry, we may assume

Anon __ Synon
212 7 X313 (94)

From Egs.(62), (64) and (94) we have

fitfo—fi—f=fhtfa—fo— s (95)
From Egs.(93), (95) we have
(fi-7)+2(F+ fo—Fi= 1) = i, (96)
From the first equation of Eq.(81) and Eq.(96) we have
P P
fo==g P+, +f
- 1. . f-Ff (97)
Jomgpi+fi-22t
From Egs.(93) and (96) we have
(ﬁ_ﬁ)+2(ﬁl+ﬁ4_ﬁ2_-ﬁ3)=ﬁdx (98)
From the first equation of Eq. (71) and Eq.(98) we have
- 1., ~ f—f
u :Zpux+fi3 _M (99)

(N

k3

1 .. ~
Jio :_Zp”‘x+ﬁ4+

~

1—J3

4

To summarize we have
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fi=F,

fs=1;

fw:ils

P L

Fio= =2

SRR T

fo==g Pt i+,

A P A

fl0_4p"‘x+fx 4

7 1o = ~17~z

fllzzpux"'f;z_%
5-1

. 1 -
Jo===Pi + fiu+
4 4 (100)

In order to satisfy mass conservation condition, the probability function at the resting node could be set as
Fom (e e a e e Fov Fae 72) (o1)
(ot For Tt Fo ot Tt )
Such that the total mass can be written as
P=Ts (B + T+ T+ Fs + 15+ R+ 1) +(Fis + 75) (102)
A+ B) (At Tt Fov 4 T+ Bt i)

Similarly, if nodes 5, 11, 12, 15 and 16 are on a solid wall, so do noses 4, 9, 10, 16, 17, then

h=1

fi=1s

j;xzf‘:ﬁ

P _p _Jurls
f;s‘fﬂ_ 2

S 1. . F-
f7=ZP“x+ff'4

o

3

- 1.. -
Js==7 P+ fio+

'~
e

4
Py e (103)

hi-F,
4

—_

Jumgpi
In order to satisfy the mass conservation condition, the probability function at the resting node could be set as
To=Ts +(Fi+ T+ s + B+ T+ s + i) (104)
(Lt Tt F fit Bt Bt i)
Such that the total mass can be written as
p=Is +(Fe+ o+ I+ Fo+ i+ Fo+ 1o )+ (7 + 1) (105)
A+ R) (ot ot ot Foot it Fiat i)
If nodes 5,11, 12, 15 and 16 are solid wall, and so do nodes 2, 7, 8, 15, 18, then
i
he
Sy =fis )

o4 (106)
PR PPN S I 1Y
Jo=g P+ fi ==
fu:_%ﬁﬁx*'fu"'ﬁ_f}

- 1., - f-
f14=1p“x+f127f17
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In order to satisfy the mass conservation condition, the probability function at the resting node could be set as
To=Is (B + e+ Fr v Je+ I+ s+ 1) (107)
_(]74 +f:§ +j9 +J~(10 +j13 +]714 +f17)

Such that the total mass can be written as

P=Ts+(F+ F+ F+ Js+ T+ Fo+ £ )+ (o + 7))

(A4 B) (R Fet Tt ot ot Tut 7o) (108)

Similarly, if nodes 6, 13, 14, 17, 18 are solid wall, and so do noses 4, 9, 10, 16, 17, then

L=1

fi=1

J;15:f~17

o o _Jeth
Fo=Fu=222
sl 2 fiof,
fr=g Pty ==
/;s=—zf>ﬁx+~m+f‘; 2 (109)
PN P e
fl1—4p”x+f13 2

po_ Lo s Si-h
fiz_ 4P“x+ 14+ 4

In order to satisfy the mass conservation condition, the probability function at the resting node could be set as
Jo= I +(Fe+ Js + s+ T+ v Jia+ ) (110)
_(J;2 +i6+f7 +is + ~13+ ~14 +J;13)
Such that the total mass can be written as
P=TIs +(Ji+ JE+ I+ Fo+ s+ B+ 1y )+ (o + 1) (111)
A A HAr v Bt Fot Pt it 1)

Concave three corner cell

Figure 5: Concave three corner cell.

As shown in Figure 5, nodes 2, 3, 6 all towards a solid wall, further to Eq.(100) we have
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h=F

fi=1,

fi=1,

flo:fs

]11:]?13
-fl6=-f18

(112)

Lo Jued
hs =ty =7
oo Lty
==
=z _Jath
Jo=Fu=de2

In order to satisfy mass conservation condition, the probability function at the resting node could be set as
Jo=Is +(B+ R+ T+ B+ 5+ ) (113)
A+ For T+ T+ i+ i)
Such that the total mass can be written as
p=TIs +(F+ 75 )+ ( B+ 1)+ (s + 1) (114)
A A B+ T B+ RS+ Fo)H(for Rt ot Bt Fia+ i)
Edge cell with partial wall

If some boundary nodes are partially adjacent to a pure solid wall, some additional assumptions are needed to closure the problem. The

additional assumptions can be made based on the symmetry of the cell geometrical structure. For simplicity, we focus on flow within the
cylinder along X axis direction.

Edge cell with one partial wall: As shown in Figure 6, if nodes 2, 7, 8, 18 are solid wall nodes, after the streaming step, the probability
distribution function at nodes 4, 9, 10, and 16 need to be reconstructed, i.e., u= (ﬂx,O, ﬁz ) and the other fl (i +#4,9,10,16, 17) are
specified. We want determined f4, f9, floa f16 and ﬁ .

M"

Figure 6: Edge cell with one partial wall

From Eq.(32) we have

fis:ﬁﬁz+];18+ji7_];15+];6_];5+ji3+]i4_jil_ji2 (115)

From the symmetry of cell geometry, an additional assumption can be made as

A
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Anon
o =0 (116)

From Eq.(60) and (116) we have

fi+ = o= 10 =0 (117)
From Eq. (31) and (117) and using Eq. (115) we have

Jo==pit+ [o+ = o+ Tu+ Fo=Fo=Fa+2(fis = iv) (118
From Eq.(30)

h+ i+ hotfutha—fi—Ffi—fo—fio—fis = pu, (119)
From Eq.(117) and (119) we have

= .. = fi=fiA A Su= o] (120)
fo=Lpi B hithu o

h=Fi+ fn+Fu=to=1s
2

(121)

Jo= ——pu + /i +
To summarize we have
f4 =_/~”7z+f~2+f5 _fs +f~11 +J;12 _J;13_f14+2(f15 _f~17)

f_J;3+J;11+ ~14_J;12_j?13
2

J;w:%ﬁﬁx+f8 = f3+f11+2fl4 77

S =P+ fis+ fo = fis+ fo— s+ fis+ fu—Fu— fe

To ensure mass conservation, the probability distribution function at the resting node should be corrected as
Jo=Is +( I+ 5+ T+ 18) = (a4 Fo+ Fo+ ) (123)
Thus, total mass reads

p=it(FvFea Fev Fe) e v v Fov For For Bt 7,

+ 11+ 12+ 13+ l4+ 15+ 17+ 18 (124)

fo= ——pux+f7
(122)

Corner cell with two adjacent partial walls

&

713
¢

Figure 7: Corner cell with two adjacent partial walls
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Asshown in Figure 7, if nodes 6, 13, 14, and nodes 2, 7,8, and 18 are solid wall @ =(i,,0,0) is specified. All others 7 (i#4,9,10,5,11,12,16)
can be obtained through the streaming step from neighbored fluid nodes. We want to determine 7, 7 7 7 7 7  f andp.As shownin
Figure 7, the y axis and z axis are symmetry, in terms of the symmetry of the geometric structure of the cell, we can make the following
additional assumption

o =0 (125)
=0 (126)
= Oy (127)
e =53 (128)
From Eq.(63) and Eq.(65).
/;15 +ii6 _/;17 _/;18 = ~2n30; (129)

f15+ 18_f16_f17 = 3"20;

From Eq.(127) and (129) we have

Sie = s (130)
From Eq. (60) and Eq.(125)

fi+fs—fo—fio=0 (131)
Substituting Eq.(131) and Eq.(130) into Eq. (31) we have

Jo=h+fis— 1y (132)
From Eq.(61) and Eq. (126)

St fa—fs=he=0 (133)
Substituting Eq.(133) and Eq.(130) into Eq.(32) we have

fs=Ffs—hs+ha (134)
From Eq.(61) and Eq.(64)

7 7 7 7 1 ~~ ~non
St 10_f8_f9:§pux+ 212

| (135)
It fu—So— T =§ﬁﬁx + 3nf3n
From Eq.(128) and Eq.(135)
Sitho—Sfs—fo=tut+fu—tu— 1 (136)
From Eq.(30)
f1+f7+f10+f11+fl4_f3_f8_f9_f12_f13:ﬁax (137)
Solve simultaneous equations of Eq.(137), Eq.(136), Eq.(131)and Eq (133) we have
LN Sl i} (138)
4 4
- 1. o fi-f,
== + f - (139)
fi() 4pux f;% 4
P P
So =g Pt fy = (140)
fo= —%ﬁﬁx + fua +% (141)
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To summarize

Jis= s

fo=Fithis=Fn

i;:i;_i;s+ﬁ7

S PPN T A

fo==g Pttt +7,

7 1o 7 ~17~3

Jo=gpi+f-hb

P Lo a S

Ju=ghit I i (142)
7 f1_3

1 .. ~
S :_Zpux +lut 4

The total mass comes out from the solid wall is]f4 +f§ +J79 + ~10 + ~“ i ~12 + ~16. Total mass sent to the solid wall after the collision is
fzc + f;’ + f; + fsc + flg + ~1Z + j; To ensure mass conservation, the probability distribution function at the resting node should be corrected

as
fo= I+ B+ v B+ ps+ For Fo—(Fo+ o+ fo+ Fio+ 1+ o+ i) (143)
Thus, total mass reads
p=fs+ B+ I+ I+ F + fs+ o+ T (144)

+ﬁ+£+ﬂ+ﬂ+ 10+ ll+fi2+ 15+ 16+fi7
Concave edge cell with one full wall and an adjacent partial wall

As shown in Figure 8, if nodes 6, 13, 14, 17, 18 and nodes 2, 7, 8 are solid wall § = (gx,(), ()) is specified. fl (i #4,9,10,5,11,12,15, 16) may
be obtained through streaming step from neighbored fluid nodes. We want to determine ]74, Jo» fw, ];5, fm flz, ]715, fm and ,5 .

17

Figure 8: Concave edge cell with one full wall and an adjacent partial wall

If we replace solid node 17 as a fluid node, then Figure 8 becomes as same as Figure 7, i.e., if 1?15 is known, then Eq.(142) is applicable here.
Since the whole bottom surface is a solid wall, additional to assumptions made in the last section, we assume

b =0 (145)
Substituting Eq.(145) into Eq.(63) we have
Sis+he= = fis =0 (146)

Eq. (146) together with Eq.(142) give rise to
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fi=1,
fi=Ts
flS:ii7
flszils
Jo=—pi e h2h
P sy g Ak (147)
f10_4/7”1+fs 4
1. 51,
fn—4p”x+f13 2
flz __ﬁﬁx+f~14+f1; .

The total mass comes out from the solid wall is £, + f; + f, + f,, + f., + f,, + [, + f, - Total mass sent to the solid wall after the collision
s 5+ fS+ 15+ fi + 15+ fia + /15 + /i3 to ensure mass conservation, the probability distribution function at the resting node should be
corrected as
F A Y B N XY A ss)
_(]74 +];5 +J;9 +f10 +J;11 +]~(12 +f~15 +f16)
Thus, total mass reads ~ _ 5 5 5 5
N N P R EI N (FR ) (VR [

tht B+ Je+ fot fo+ Fut Fo+ his+ fio+ i

Convex edge cell

(149)

As shown in Figure 9. If node 18 is a convex node only, the probability distribution function on direction 16 need to be reconstruction,
the probability distribution function on all other nodes may be obtained through streaming from neighbored fluid nodes. In general, it is
impossible to satisfy exactly nonslip boundary condition, since we have only one unknown variable fw. In this case, we simply assume

iié = ]?18 (150)

M‘F

Figure 9: Convex edge cell

The mass comes out from the wall is fm = fm , the mass sent into the wall is fe,in order keeps mass conservation the probability distribution
function at the resting node should be corrected as

Jo=Jo +Jis— S (151)
Thus, total mass reads
P=fs +h+hLh+fi+fitfs+fo+ it i+ (152)

thot fut ot Sat St s+ S+ fio + his

A
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Simple rule for density update in nonslip boundary condition

Insection 7.1 - section 7.5, we presented some cases to demonstrate how to user third-order moment to closure nonslip boundary condition.
Here we show that the rule to determine density on the boundary node is very simple. Define direction set U as U = {ﬁ|,f/, (F,7+1) is unknown}
. Then the total masses come to the current boundary node from all wall nodes (pure solid nodes) is . f,(F.7+1) , in which the summation of
,B is carried out over U . On the other hand, the total mass sent to all wall nodes from the current b(flelyndary node in the last collision step is

Z j/; (.7 +1)- To ensure mass conservation, the probability distribution function at the resting node should be corrected as
BeU

fo(RE+1)=fy (EZ+1)+ Y fo (EF+1)= Y f, (Fi+1) (153)
BeU peU

thus, the density at 7 +1 step reads

p(ET+1)=fy (Ri+1)+ Y fo(Bi+1)+ Y. [, (Ri+1) (154)
peU a#0;aeU

in which 7 stands for the opposite direction of /8 direction. Summation of g is carried out over all directions, which come out from the
solid wall, while summation of ¢ is carried out over all directions, which come out from fluid nodes (pure fluid nodes and other boundary
nodes). Eq.(152) shows that, if the probability distribution function is known, which is streamed into the current node from other boundary
nodes or fluid nodes, and then this probability distribution function simply appears in density formulation. If the probability distribution
function is unknown, which is streamed to the current boundary node from solid wall nodes, in the density formulation, it is replaced by the
last post-collision probability distribution function in its opposite direction. Since on the boundary node, the velocityﬁ(f,t~ + 1) is prescribed,
it is very simple to update equilibrium probability distribution function with Eq.(154).

Inlet and outlet boundary condition

It should be mentioned that, for inlet (or outlet) boundary, due to the moving of inlet (outlet) boundary, some volume of current voxel
change into the outside of fluid domain from inside of the fluid domain. In a one-time step, the amount of changed volume equals ,517{)6 . Thus,
the simple rule for density calculation Eq.(154) needs to be modified accordingly on the inlet (or outlet) boundary. The details will be given in
section 8.8

Middle inlet cell

\

Figure 10: Middle Inlet Cell

For inlet cell shown as Figure 10, ﬁ=(ﬁx,ﬁy,ﬁz) is specified on the boundary. Nodes 3,8,9,12,13 are outside of the simulation domain.
Different colors are used here so that to distinguished inlet boundary from solid wall boundary. In the streaming step, the distribution function
on inlet node towards directions 1, 7, 10, 11, and 14 dependents upon the value on unknown nodes 3, 8, 9, 12, and 13, therefore they are in
need to be reconstructed. All other probability distribution function f, (i#1,7,10, 11,14) can be obtained through the streaming step from
neighbored fluid nodes.

From Eq.(67)
fi-fi= Pu -0 — O (155)

Eq.(62) combmed with Eq.(31) give rise to

EEEm—————, T
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j; _]2+%+@+(ﬂ+ﬁ6+ﬁ7)_(ﬁ+ﬁ5+-ﬁ8)+l ~ wom (156)

7= J9 6 2 2 2 212

- - pi pi, (Lt St So)- (St fist S s

flfm%—%—(ﬁ‘ L f”)2(f2 & f‘*)%Q;:: (157)

Eq.(64) combined with Eq.(32) give rise to

i =fw+@+@+(f6+fn+fm)—(fs+f15+fm)+l o (158)
6 2 2 2

~ =~ pu. i, ﬁ+f~17+ ~18 - J;5+J;15+ ~16 1 =~

fa=ra+ 6 _T_( )2( )+5 313 (159)

In principle, in order to get high order accuracy, we need to specify energy flux, i.e., Qz"f;' and Q;f;‘ in the inlet and outlet boundary. Without
known the detail information of energy flux, for first-order approximation, we may set

Anon __ ynon __
212 T ¥313 =0 (160)

To summarize we have

= h (161)
o o pa, pa, (Lt het fo) (Lt At

f7=f9+pgx+%+( s+ St 17)2( s+ Frs + i)

f~l'0=~8+ﬁgx_pu7‘}—(‘f;+ 16t !7);(.f2+ 15T 18)

P O AN ARG CA2 R

ooyt el (i)

The mass sent into unknown nodes (nodes 3, 8, 9, 12, 13) from the current node in the last collision step is f; +]78‘ +];9“ +f”l§ +f1§. The
mass sent out from unknown nodes into the current node is 1;1 + f7 o ~10 + ~“ + :4 . Since in one time step, current voxel reduce the volume by
Pu . (this amount volume inside of fluid domain was replaced by outside of fluid domain), therefore in order to keep mass conservation, the
probability function at the resting node should be set as

Jo= s+ (Fa Fo+ T + a4 1) = (A + Fo+ Frot i+ i) - i, (162)
Substituting Eq.(162) into Eq.(28)
P==pi,+ f§ +(Fs + i+ Fs + o+ 1) (163)

tht ltfot Js+ ot Fy+ Jov ot Fi+ fis+ i+ Fiy + Fig
The total density
(ﬁ+ﬁ+ﬁ°+ﬁ”+ fia + 1§+fz+fs+ﬁ+fsJ

+f6+f8+f9+ ptJutSsthet /it

p= (1+4,) tey
If 5 is given

[ﬁc+ﬁ"+ﬁ"+ﬁ”+ﬁ§+ﬁ§+ﬁ+ﬂ+f4+isJ
STV S IR D e

p
It should be emphasized that in Figure 10 rectangular at left represent an inlet boundary, one should not confuse it with a solid wall, which

is shown in a different color. The same situations also will be in the next few sections; the rectangular with yellow surface represents an inlet
boundary rather than a solid wall boundary.
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Inlet cell along a surface boundary

For example as shown as Figure 11, U =(ﬁx,ﬁy,0) is specified on the boundary. Again, different colors are used to distinguished inlet
boundary from solid wall boundary. If down edge (nodes 6, 13, 14, 17, 18) is a solid wall. The probability distribution function in directions 5,
11,12,15, 16 are unknown. The probability distribution function in directions 1, 7, 10, 11, 14 come from the outside fluid domain, and they are
also unknown. We need to determine f f5 , f7 , fm,fm fm Sras fls, f16 and. All other probability distribution function can be obtained through
the streaming step from neighbored fluid nodes. Due to the geometrical symmetry, we assume

“Z

Figure 11: Inlet Cell along A Surface Boundary

=055 =0 (166)
=055 =0 (167)
o =0 (168)
Substituting Eq.(166) into Eq.(67)
I
Ji=3pi T, (169)
Substituting Eq.(167) into Eq.(69)
fi=1 (170)
Substituting Eq.(168) into Eq.(68)
~ ~ 1 ..
i =0 = i, s f4 (171)
Substituting Eq. (171) into Eq.(60)
Fot i foFu=tpn, Bk (172)
From Eq.(62) and Eq.(166)
5w o om 1.
it m—fs—f9=§pux (173)
Eq.(172) and Eq.(173) give rise to
ﬁ:lﬁax+lﬁﬁy—ﬁ_ﬁ*+ﬁ (174)
6 4
= 1. 1. f2 f4
f10 _gpux 4pu +f8 (175)

Substituting Eq.(171] into Eq (65)

Fot Fumum o=t Bl

A

(176)
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From Eq. (63) and Eq.(167)
s+ he= o= Fs=0 177)
Eq.(176) and Eq. (177) give rise to

Fumtpn gLt (178)

S U _f—i

Sio =7 P+ fy (179)
Substituting Eq.(167) into Eq.(61)

S+t —fs—fe=0 (180)
Substituting Eq. (166) into Eq.(64)

T

Mt tfa—to—tis =§p“x (181)
Eq.(180) and Eq.(181) give rise to

1.
fin= p —pii, + f3 (182)

1 e ~
Ju= gp”x + /i (183)

Made additional assumption

Jotfu=To+ 1 (184)
then

Fo= % i, +% (185)
7=ty o Juttu (186)

127 F 2
To summarize we have

Ji=ypi
Jo=di

7u+1u
fi==p pi,

. fz*ﬂ+j

Y Ry R
~ 1 .. ~
.ﬁl:gpux+ 13

2
PO R
Jio =5 Pl AT
Pl 2 (187)
A f4

. 1 ..
S =_Epux+

~ 1 .. ~
fis =Z/7uy+f17

7 [P f 2
ﬁ6=_zpuy+fi8 24 4

Theburiedlinkis 12-14. The mass sentinto unknown nodes (nodes 3,6,8,9,12,13,14,17, 18) from the currentnode in thelast collision step is
Fea e+ Jew Jo+ o+ Fo+ Jo+ o + fo . Themasssentoutfromunknownnodesintothecurrentnodeis £, + f, + f, + fo + f, + fi, + fiu + fis + fis
. The current voxel reduces the volume by i . To keep mass conservation, the probability function at the resting node could be set as
To=Ts t( B+ T+ Fo+ T + Fs+ T+ 1) (188)
(St Tt Fot Foot ot Fis+ Fis) = P,

- A
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Substituting Eq. (188) into Eq.(28), the total density reads

[ﬁ+ﬁ+iz+ﬁ+ﬁf+ﬁ§+ﬁ;+ﬁ;+ﬁ;+J

b= ];1:+iz+f3+i4+ia+is+fg+il3+f~w+jls (189)
(1+a,)
If p is given
(ﬁ%ﬁwﬂwﬂwﬂ%Z§+”.‘;+2;+2;+J
B v ot it fit ot ot fot fot fot f
i - Jut L+ it/ f6~fs Sotfut St fis 1 (190)

P
Inlet cell along an edge boundary

As shown as Figure 12, nodes 2, 7, 15, 18 are solid wall, and nodes 6, 14, 17, 18 are solid wall. Thus the probability distribution function
in directions 4,9, 17, 16, 5, 12, 15 are unknown. The probability distribution function in directions 1, 7, 10, 11, 14 come from the outside fluid
domain, and they are also unknown. Inlet velocity on the corner is along X direction, which is specified as @=(4,,0,0), we need to determine

f1 , f;‘, f5 , f7, fg, flo: f11 , f12 , f14, f15 , fié , fi7 and o . This boundary condition could be achieved by setting nodes 2, 7, 8, 15, 18 as solid
wall, and nodes 6,13, 14, 17, 18 as solid wall; thus Eq.(100) is applicable here

7
Y /
Y
6
s
{ W >
(N 1 '
X
14
Figure 12: Inlet cell along an edge
fi=1
fs=Ts
fls =f18
- - <4 e
fis=1s =% (191)
fo=mppi s i+ Lh
L 2
flo :Zpux*'fx_fl 4f3
- 1., - f-f
Su _Zpux+fi3 _fl 4f3
- 1.. ~ f-f
flzz_zpux"'fm"'fl 4 :

However fl is still unknown; both f, and 7 are also unknown, they form a buried link; so does the pair of f12 and fl 4> Additional assumption
is needed to closure the problem. For corner boundary, substituting Eq.(94) into Eq.(67) we have

1. Aynon
pi, =205, (192)

h=f=7
In principle, for an incoming fluid particle on inlet corner anf'; should be prescribed, without this information, we assume.

3
A
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i =05 =0 (193)
Thus
~ 1 .. ~
h =3Pl + /5 (194)

For buried links we assume

Litho=1+ 0 (195)
Jot fu=ra+ 1 (196)
Eq. (191) together with Egs. (194) - (196) give rise to

- 1 ‘
R (197)

f‘;m :ilx

o _ Lt
f;5 - 2
7= S+ Fs

The buried links are 7-9, 12-14 and 15-17. The mass sent into unknown nodes (nodes 2, 3, 6,7, 8,9, 12, 13, 14, 15, 17, 18) from current
node in last collision step is/fy+ /s + /i + /5 + i+ J5 + 1+ s+ fo+ 15+ /s + fe. The mass sent out from unknown nodes into the current node

is S+ fi+fi+ o+ Jot Fo+ Ju+ o+ S+ Jis+ Jis+ Jiy. Due to the moving of the inlet boundary, current voxel reduces the volume by.. To keep mass

conservation, the probability function at the resting node could be set as

Jo= T (B B e v v B+ Jo)=(F+ o+ Fot T+ o+ )= P, (198)
Substituting Eq. (198) into Eq.(28), the total density reads
{ T T T (4 ) } (199)
(Fs+ 7))+ (Fs+ 75)+ Fot Fo+ Fov ot i+ Frs
(1+a,)

p=
If p is given
TS+ v+ o+ R+ T+ To+(F+ 7o)+
(fs+ Fa)+(Fs+ Fig )+ For o+ Jo+ Fo+ Fia+ Fis

x ~

(200)

Inlet cell along a boundary with partial wall

As shown as Figure 13, inlet cell along a boundary with a partial wall, nodes 2, 7, 18 are solid wall nodes, the probability distribution
function in the direction 4, 9 and 16 need to be reconstructed, The probability distribution function in directions 1, 7, 10, 11, 14 come from the
outside fluid domain, they are also unknown. Inlet velocity on the corner is along X direction, which is specified as u= (ﬁx , ﬂz , 0) , we need
to determine fl,ﬂ, f7’f9’f10’f11’f14’f16 and p . If ﬁ‘,fg,f16 are known (equivalent to replace solid nodes 2, 7, 18 as fluid nodes),

then Figure 13 becomes into Figure 10, then from Eq.(161) we have

i, (201)

h=r+ 3

ot ot o) o 7o)
2
< . pi, (ﬂ""lé"'hn)_(f:z*"ls*'hm)
fm—fx*'T‘ >
s o pi, .5“"1*(}?5*- _|7+ -13)_(f_5+ _|5+ _15)
fu*fls"'?*’T 2
i, pi, (ot To+ I~ (Fi+Tis+ i)

hom oS5 p

-,

Fd e
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Figure 13: Inlet cell along a boundary with partial wall

We need additional assumptions to find out f,, f,, /... Eq.(201) [or Eq.(161)] was derived based on assumptions
i =0 =0 (202)
Similar to section 7.4.1, we assume
Anon _
121 — 0 (203)

This results in Eq.(122), i.e.
So==pu + i+ fi—fo+ fu+ lz_flz_fl4+2(f15_f17)

- . . . . (204)
j;9=—%ﬁﬁx+ﬁ+ﬁ_f3+ 11+2 14_f12_f13
flo =%ﬁﬁx+.}; _!;1 _J;3+J;11 +2~14 _J;lz _-ii3
flﬁ =/37;z+l}18+ ~17_ii5+f;_f;+ ~13"’ ~14‘!1;11_/:;;2
From Eq. (160) and Eq.(64)
B
VAR T P =§pux (205)
Substituting Eq.(205) and first equation of Eq.(201) into Eq.(204) we have
~4=_~~z ~z ~5_~6 ~11 ~12_"13_24 2 ~15_~17
f: flm+fff Jot FutFo=Fo=Fu+2(Fis= 1) 206)
fo=—ghitf;
Fo=ghi

]16 = pi, +i18 + ~17 _/;15 +f~; _is + ~13 + ~14 _iu _ilz
From first and last equations of Eq.(206) we have

Jitho=Ft his=Fo+ 1y (207)

Made additional assumption

by =0 (208)
Substituting Eq. (208) into Eq.(63) we have

el - o~ -
S :gp“z + i+ fs = s (209)
Eq. (207) - Eq.(209) give rise to
. 1. - L.
fo==3pi+ Fo+2(fis= o) (210)

Since ]77 jg form a buried links, we assume

fitfo=fot s (211)

A
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The second equation of Eq. (206) and Eq.(211) give rise to

z f7+f

Jo=— Epux 2 : 212
(212)

f 12pu +f7J2rf9

Third equation of Eq. (206) reads

~ 1 .. ~
Jio = Pl + /s (213)

Substituting Eq.(209) into last two equations of Eq.(201) we have

~, u
= e By P S -
fm—flz*&_&_fé_f5
6 3 2
To summarize we have
fim B
ﬁ=%ﬁﬁ wh2(fe-7)
f7+f9
fr= > (215)
5= pu +f7 +f‘)
f~10=%PuX+f3
T _7 % /3‘;: "67"5
Si=Js+ s T3 T2
Po_p PP foTs
Ju=To+ 6 3 5
Fo=3pi+ Jot Fu i

The buried link is 7-9. The mass sent into unknown nodes (nodes 2, 3,7, 8,9, 12, 13, 18) from the current node in the last collision step is
fz +f3 +f7 +fg +f9 +f12 + 4 f e . The mass sent out from unknown nodes into the current node lsf +f4 +f7 +f9 +f10 +f11 +f14 +f16 Due to
the moving of the inlet boundary, current voxel reduces the volume by 5; pi, - To keep mass conservation, the probability function at the resting
node could be set as

To=Is (B4 v I+ Pt s+ B ) =~ ( A+ Tt oot Fos+ it fog) = i, (216)

Substituting Eq.(216) into Eq.(28), we have

p==pi+ s +(F5+ F+ I+ Fo+ T+ 1)+ (s + 1) 217)
ok ot fo+ Jo+ Jy+ Bt Fis+ Fis+ Fiy + i
The total density reads

Fs (B B+ I+ T v Is+ Ta)+ (5 + 75)
s _Lrhr it for fot Fot fot ot Fis+ Fi+ s

P= 1+,

(218)
If 5 is given
I+(B+ i+ fs+ Fov T+ )+ (F+ )
o= +»f2+f2$+f‘5+f‘6+f;§+ 12+ 13+ 15+ 17+ 18 _1
p

Inlet cell along a boundary with two adjacent partial walls

(219)

As shown as Figure 14, if inlet cell along a boundary with two adjacent partial walls, nodes 2, 7, 18 are solid wall nodes, so do nodes 6, 14,
18. The probability distribution function in the direction 4, 9, 5, 12 and 16 need to be reconstructed, the probability distribution function in

A
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directions 1, 7, 10, 11, 14 come from the outside fluid domain, they are also unknown. Inlet velocity on the corner is along X direction, which is

specifiedasﬁ =(ﬁx,0,0),weneedtodetermine fi,ﬁ‘,f;,ﬁ,f;,flo,f“,flz,fn,flé and p .

oR |

Figure 14: Inlet cell along an edge boundary with two adjacent partial walls

From Eq.(161) we have
_ 7, P
h=f+=
j; _J; +%+(J;4+J;15+f~17)_(1;2+/;15+1;18)
R 2 (220)
= = P, (ﬁt+f~16+f;17)_(fz+i15+fls)
flo‘fs"’T_ )
= P, (ﬂ+ﬁ7+ﬁs)_(l;s+l;15+ﬁs)
Fum Tt P .
=z pi (1;6+J;17+f~18)_(is+i15+f~16)
f14_f12+ 6 - )

However more assumptions are needed to find outfs,fg,flz,fm. As same as section 7.4.2, we assume

2 =0 (221)
5 =0 (222)
O3 = O (223)
Anon __ ynon
212~ 2313 (224)
From Eq.(142) we have
Ji6 = Jis
fo=fitfs— T
Ss=Jo—fis+ 1
(225)
Jy=mgpi s falh
- 1. o~ f-f
Jo=gpi i1t

g
fnzzpux'Ffls_f
~ 1.. - f-
ﬁzz_zpux+ﬁ4+ 14 :

t

A
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Eq.(220) and Eq.(225) give rise to

_ 7 P
Ji=i B
j;4=j;2+~15—f17
j;5=j;5—j;15+~17
f,:fﬁp;‘x (226)
7 _ 7 ﬁﬁx
Fo= it
g ph
Fu=Far 2
7 _~ ﬁﬁx
Ju=To+ o
fm:ils

Since f7,f9 form a buried link, so do ﬂ27ﬁ4 we assume

J77+J79 =f76+fgc (227)

_ qc 7c
f12+ 14_f12+ 14 (228)
Finally, we have
.fi:‘f;_‘_px
3
f;t:fz""fls_fn
f;=f6—f15+ 17
- P iy
=X 4ol 2
fr 12 2
o P St (229)
12 2
- - pi
Ju=F+ P
fn:fw"'pux
6
- i, S5+
=X 4L J
S 12 2
- A
==
S 12 2
S =1

16 18
The buried links are 7-9 and 12-14. The mass sent into unknown nodes (nodes2, 3, 6, 7, 8, 9, 12, 13, 14, 18) from current node
in last collision step isf; +f3”+f:+f7“ +f8” +f; + ~1§ + ~1§+ ~13+ ~1§ The mass sent out from unknown nodes into the current node is
fo+forfot fo+fo+ fo+ fir+ fio+ fu+ fs- Due to the moving of the inlet boundary, current voxel reduces the volume by /4. To keep mass
conservation, the probability function at the resting node could be set as

To=Is +(F AT+ 4 Fs+ B+ 1)~ (A + Fo+ o+ o+ T+ i) - i, (230)
Substituting Eq.(230)into Eq.(28),
p==pi +fs +( i+ T+ Fo+ T+ )+ (Fr+ )

+(fs+ 75)+ For B+ fo Fo+ i+ s+ o+ i (231)
The total density reads

-,
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Te (BB T B B Fe)+ (B + )
R R R A e R R I A

b= ~ (232)
1+,

If | isgivkds + 5+ T+ e+ Fae Fio)+ (5 + )
R A R A S R AT A
F
Inlet cell along a boundary with a full wall and a partial wall

x

(233)

As shown as Figure 15, if inlet cell along a boundary with a full wall adjacent to a partial walls, nodes 2, 7, 18 are solid wall nodes, nodes
6,14, 17, 18. The probability distribution function in the direction 4, 9, 5, 12, 15 and 16 need to be reconstructed, The probability distribution
function in directions 1, 7, 10, 11, 14 come from the outside fluid domain, they are also unknown. Inlet velocity on the corner is along X
direction, which is specified as - (5 ,0,0), we need to determine FosTors fasTor fos Fron fors fons fran foss S @NA O

oh |

Figure 15: Inlet cell along an edge boundary with a full wall and a partial wall

Similar to section 7.4.3, further to Eq.(229) we assume

~;30§' =0 (234)
Substituting Eq.(234) into Eq.(63) we have
Fis*ho=Frn=fis=0 (235)
Eq.(235) together with Eq.(229) give rise to
-’
Js=1s

o P F+ T
=L J7 T I
==

- - pi,
=fot+
Fom I 2

Ju= 2
] 0

A
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The buried links are 7-9 and 12-14. The mass sent into unknown nodes (2, 3, 6, 7, 8, 9, 12, 13, 14, 17, 18) from current node
in last collision step is/s+/+/fi+/5+f +/5+/i+/5+fi+/5+ /5. The mass sent out from unknown nodes into the current node is
fl +/;4 +f5 +ﬁ +f9 + ~10 + ~,1 + ~12 + ~14 + ~15 + ~16. Due to the moving of the inlet boundary, current voxel reduces the volume by ﬁﬁx. To keep
mass conservation, the probability function at the resting node could be set as

fo=F+ (B + e+ o+ I+ R+ 15+ 1)
_(fl +f4 +f5 tlot/ut/st 16)_ﬁﬂx
Substituting Eq.(237) into Eq.(28),

(237)

p=—pii + fy +(FS+ o+ T+ Fs + Fs+ Fy+ Fi )+ (238)
(5 +J )+ (Fat i)+ B Bt Fot Fo s+ i+
The total density reads
[ﬂ‘+(ﬁ“+ﬁ“+ﬂ“+ﬁ”+ﬁ§+ﬁ?+ﬁ§)+(ﬁ”+ﬂ‘)}
L BB Bt R Tt fat Bt o+

L+,

p (239)
If

ﬁ is given
{ﬂ‘+(ﬂ‘+ﬂ‘+ﬂ‘+ﬂ‘+ﬁ§+ﬁ; +ﬁ§)+(ﬁ‘+ﬂ‘)}

HJat R+ Bt Fa ot Tt Tt o+ s (240)

=

Inlet cell along a bound‘éry with a convex edge

As shown in Figure 16, if inlet cell along a boundary with a convex edge, node18 are a solid wall. The probability distribution function in the
direction 16 need to be reconstructed, the probability distribution function in directions 1, 7, 10, 11, 14 come from the outside fluid domain,

they are also unknown. Inlet velocity is specified asti = (ﬁx,ﬁy,ﬁz), we need to determine > 7 7 % 7 % and p.Similarto section 7.5
Jis Jrs s Jiis fuas Jre
we may assume

;A

\

Figure 16: Inlet cell along a boundary with a convex edge

S = s (241)
Eq.(241) together with Eq.(161) gives rise to

7 2173+ﬁ3ﬁx
ﬁo=ﬁ+%—%_w (242)
Fu=T
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The mass sent into unknown nodes (nodes3, 8, 9, 12, 13, 18) from the current node in the last collision step is f; +f; +f~8” +fe +fl§ + s
. The mass sent out from unknown nodes into the current node is f + f7 +hot it fut Due to the moving of the inlet boundary, current
voxel reduces the volume by 57 . To keep mass conservation, the probablllty functlon at the resting node could be set as

Jo=Js +(F+ T+ K+ Ts+ o+ 1)~ (A4 o+ Fot oot fu+ fog)-pit,— (243)
Substituting Eq.(243) into Eq.(28)

p=—pit+ Ji +(F+ T+ L+ Fa+ T+ T )+

LB+t fov v v o Fa+ fis+ fis i + i (244)
the total density reads

{ﬁ”+(ﬁ”+ﬂ“+ﬁc+ﬁ§+ﬁ§+ﬁ§)+ﬁ+is+}
pollirfivdie iyt for Jut st Jut (245)

1+,

Ifﬁ is given

{f%%(fg%i;+ﬂc+ﬁ§+ﬁ§+ﬁ§)+ﬁ+ﬂ+}
EEY S AIRIRI NI R RIRIA R 246)

P
Density update on inlet boundary

Similar to section 7.6, again, we define direction sety as U ={ﬂ\,fﬁ(if +1) is unknown}  here f, come out from either wall nodes (pure solid
nodes) or the nodes which are outside of the fluid domain. Then the total masses come to current boundary node from all unknown nodes is
Z iﬂ (~ f+1) in which the summation of g is carried out over all pure solid wall nodes and the nodes outside of the fluid domain. On the
bther hand, the total mass sent into all unknown nodes from the current boundary node in the last collision step is Zfﬂ( £7+1) Due to the
moving of inlet boundary, current voxel reduces its volume by 5; pit» , Which transform into the outside of fluid domain from 1n51de of fluid domain.
To ensure mass conservation, the probability distribution function at resting node should be corrected as

Jo(B7+1) = f (.7 +1)+ ;/fﬂ £,7+1) /;]f/, (.7 +1)-pi, (F.7+1) (247)

thus, the density at 7 +1 step reads

S (®BE+1)+ Y R (RI+1)+ Y [, (F7+1) (248)
P(RI+1)= ﬁellf+ﬁ (F.7+1) -

in which g stands for the opposite direction of 3 direction. Summation of g is carried out over all directions, which come out from
unknown nodes(solid wall nodes plus nodes outside the fluid domain), while summation of ¢ is carried out over all directions, which come
out from fluid nodes (pure fluid nodes and other boundary nodes). If 5 prescribed on inlet boundary, velocity ﬁ(f',f+1) can be calculated by
£0+1)+ Zfﬁ F7+1)+ Zf i +1) (249)

ux(f‘,f+1) FICXE) -1

Outlet cell
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Outlet cells can be treated in a similar way as in the inlet cell. We only take middle outlet cells here as an example to show how to implement
boundary conditions as the same as inlet cells. As shown in Figure 17, Nodes 1, 7, 10, 11 and 14 are outside of the simulation domain. In the
streaming step, the distribution function on inlet node towards direction 3,8,9,12 and 13 dependent upon the value on unknown nodes 1, 7,
10, 11 and 14, therefore they are in need to be reconstructed. Assume u= ﬁx,ﬁy,ﬁz) is specified on the boundary. All other probability
distribution function f; (i #3,8,9,12, 13) can be obtained through the streaming step from neighbored fluid nodes.

Similar to section 8.1, we have

hei- (250)
T R AN Y

fs—fm‘T*'T*' 2

7 pu, Pﬁy (ﬁ+ﬁs+ﬁ1)_(iz+ ~15+;18)

hEhE TS

2 o pi pi (Bt R (At st R

flz‘fm_ 6 +T+ P

5 _ 5z pi, pi, (fs+~17+~|x)7(/;5+~15+~15)

ﬁl_ﬁl_ 6 - ) - P

The mass sent into unknown nodes (nodes 1, 7, 10, 11, 14) from the current node in the last collision step is /" + /7 + fio + /i1 + fi5. The mass
sent out from unknown nodes into the current node IS7 4+ 7+f+f,+f, Dueto the moving of outlet boundary, current voxel increases the

volume by ,512 .- To keep mass conservation, the probability function at the resting node could be set as
fo=Is +(Fe+ Fr+ B+ 1+ 15~ (Bt Fy+ Fot Foo + Fis )+ i, (251)
Substituting Eq.(251) into Eq.(28),

p=pii +J5 +(J+ T+ Fo+ 15+ 1)

(fi+ ot Fo+ Tt )+ Fat ot Fot ot Fos+ Fio oo+ i &
the total density reads
Is+forfor fot Jor s+ fio+ Jio + s
(BB R L R ) (A ot B+ Bt )
b= - (253)
—i,

If p is given

I+ for fow Jor Jot Fis+ Fio+ Jio + i
| T B Fed o Fie ) 258
u =1- -

p

Compare Eq.(161) or Eq.(250) with Eq. (25) in Zou and He [1], it is easy to found that Zou and He [1] model is just 2D special case of the
present model. Zou and He [1] called their model as bouncy back non-equilibrium part model, therefore @:1y =247y =0 is just 3D generousness
of bouncy back non-equilibrium part model. Therefore, the bouncy back non-equilibrium part model is a particular case of zero off-equilibrium

third-order moments of the distribution function model.

Case study

In this section, we will use two examples, fluid flow in a round and rectangular cylinder along the X direction, to demonstrate that slip
velocity result from bouncy back boundary condition is viscosity dependent. Simulation results using two different boundary conditions are

compared.
Fluid flow in a rectangular cylinder

Consider a steady flow within a square cylinder along X direction, general Navier-Stokes equation

o ov ap
Dva oL
P (Ot v ﬁrj o A (255)

Reduce to

- gy
S Y
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e

X

Tt T,

o o, w (256)

=0
in which
Q:(—H,H)x(—H,H) (257)
From the Appendix, we know that the analytic solution of Eq. (256) reads

. H+y . H-y

71:;71_12 Hz—zz_& i 1 smh(mr 5 J+smh(nﬂﬁ) ) [ E] (258)
“= u" 2H? s’ sinh(mr) s e 2H
Introduce

S P s ME) 2 _EA oy oz o H

==, u\y.z)= 5 F = 5 =", Z=—, H=— 259

A, (72)==7 o TTw I # (259)

Note that the kinematic viscosity in Lattice Boltzmann Model may be expressed as

H=pYv= 216_1 pALc? (260)

then the analytic solution Eq.(258) reads
sinh(n;rHTy)+sinh [nﬂk—y

2 )sm[MHTz) (261)

(- 2 2.4 sinh (n7)

_6FH |1-2 16 & 1
u= an

In lattice Boltzmann simulation, the fluid domain is assumed as
1£x¥<20; 0<y<200; 0<z<200; (262)

Therefore the corresponding parameter in the analytic solution was set as /7 =190. Other parameters were set as: 5, =1; #* =2; F. =0.00001.
Nonslip condition at the solid wall was introduced through the method proposed in section 7. In the inlet (¥ =1) and outlet (% =20), periodic
boundary condition was used along x direction, the velocity profile was shown in Figure 18. The results of the numerical simulation consists
with analytic solution very well; the comparison of numerical simulation with the analytic solution is shown in Figure 19.

150
200

250 250

z (lattice) y (lattice)

Figure 18: Velocity profile for 7" =2

For the inlet (¥ =1) and outlet (§=20), the alternative boundary condition was prescribed velocity v =(#,0,0), in which il was given in
Eq.(261). These given velocity boundary conditions also can be introduced through the method proposed in section 7. Numerical simulation
shows by prescribing analytic velocity at the inlet and outlet boundary give the same result as a periodic boundary condition.

If # <2, replacing solid wall boundary condition by bounce-back boundary condition will not be changed simulation results significantly.
However, as 7" increases, the bounce-back boundary condition will produce apparent slip velocity at the solid wall, while the nonslip boundary
condition given in section 7 gives exactly zero velocity.
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Figure 19: Intersection of velocity profile with z =100 plan

Velocity profile with the bouncy back boundary condition for #* = 20 was shown in Figure 20. Simulation results show that the slip velocity
produced by the bounce back boundary condition in a rectangular cylinder is not uniform. The slip velocity reaches its minimum value at the
corners of the cylinder while it reaches its maximum at the middle of the edge. Figure 21 shows the details of the slip velocity at the solid
wall boundary % =0 produced by the bounce-back boundary condition. If increase the viscosity (or the value of 7 *) future, the slip velocity
monotonically increases with the viscosity. The velocity profile and slip velocity with bouncy back boundary condition for 7' =40 were
shown in Figure 22 & 23.
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Figure 20: Velocity profile with the bouncy back boundary condition for 7" =20
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Figure 21: Intersection of velocity profile with bouncy back boundary condition at Z =0 plan
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Figure 22: Velocity profile with bouncy back boundary condition for 7 =40
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Figure 23: Intersection of the velocity profile with bouncy back boundary condition at Z =( plan

Poiseuille flow in a round cylinder
Let us consider the Poiseuille flow in a round tube ( Figure 24 & 25). The analytic solution reads
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Figure 24: Sketch of cylinder Structure
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Figure 25: Intersection of tube

£
u(r) :E(R2 —rz) (263)
Substituting Eq. (260) into Eq.(263) we have
3 2 2
= F(R - 264
LG ey pver (264)
Introduce
- p o ulr) - EA - R
= i(r)==->, F.= b a Ta (265)
then the analytic solution reads
s 3F ¥
u(r)=7——7>—"5—(R -7
(7) (45,_2)/31( ) (266)

In our simulation, wet nodes are within the domain

5-101)° +(2-101) < R*> =100°
y
1<%<20 (267)

Other parameters are

o =1 (268)
ie.

P.=p (269)
7 =2, 20, 40 (270)
Respectively

F.=0.001 @271)

At y axis, i.e. z=101and X=10 , fluid domain reads
(7-101)" < R* =100 (272)

Thus, the velocity of fluid in X direction reads
0.003

ﬁ(f)=(4f*—

iy il (273)

In our simulation, the periodical boundary condition is used for inlet (¥ =1) and outlet (¥ =20) boundary. In the wall node of the tube,
the bouncy back boundary condition and the nonslip boundary condition developed in section 7 are used respectively for comparison. The
simulation results show that, if the viscosity (or ") is small (refer to Figure 26 and Figure 27), bouncy back boundary condition could be a good
approximation, however, as shown in Figure 28-37, if #* is large, the error may be significant. If we define slip velocity as the difference between
the velocity of Lattice Boltzmann simulation and analytical velocity, i.e.

.. ~J—
A



Onsite Construction of Mass-Conserved Boundary Conditions for Prescribed Velocities on

Solid Walls Using First and Third Order Moments for Lattice Boltzmann Simulations

uslip = uLBM _uAnalytic (274)

The simulation result shows that, in a round cylinder, the bouncy back boundary condition almost produces uniform slip velocity across
the whole intersection of the cylinder.

The three dimension velocity profiles under two different boundary conditions are shown in Figure 36 & 37, respectively.
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Figure 26: Velocity profile with Bouncy back boundary condition for 7* =2
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Figure 27: Velocity profile with nonslip boundary condition for 7" =2
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Figure 28: Velocity profile with Bouncy back boundary condition for 7" = 20
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Figure 29: Slip velocity with Bouncy back boundary condition for #* =20
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Figure 30: Velocity profile with nonslip boundary condition for 7* =20
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Figure 31: Slip velocity of nonslip boundary condition for 7* =20
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Figure 32: Velocity profile of Bouncy back boundary condition for 7* =40
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Figure 33: Slip velocity with Bouncy back boundary condition for * = 40

—e— Simulation
Analytic

I I I f
140 160 180 200

‘ 80 100 120
y (lattice)

Figure 34: Velocity profile of nonslip boundary condition for 7" = 40
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Figure 35: Slip velocity of nonslip boundary condition for 7 = 40
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Figure 36: 3D Velocity profile with Bouncy back boundary condition for 7* = 40
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Figure 37: 3D Velocity profile with nonslip boundary condition for =40
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Conclusion

Up to third-order moment analysis were entirely carried out. A third-order moments boundary reconstruction were proposed for D3Q19
lattice; Zero node particle population correction was introduced so that mass conservation is exactly satisfied on reconstructed boundary;
Proposed boundary reconstruction can exactly satisfy not only for nonslip solid wall boundary condition, but also for prescribed velocity (or
density) boundary condition, including inlet or outlet boundary; Proposed boundary reconstruction keeps all known particle populations,
proposed boundary condition also is on-site, and it reconstructs unknown particle population only in terms of information on the current
lattice site, it is of great advantage for parallel computing; Some new boundary configurations were reconstructed; Proposed third-order
moments boundary reconstruction can be easily extended to thermal lattice Boltzmann model (we will address this issue in another paper),
especially isothermal boundary, where nonzero heat flux is essential; Proposed boundary reconstruction was used for case study, simulation
results shown proposed method can exactly satisfy prescribed boundary condition while bounce-back boundary condition cannot.
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Appendix
Appendix A: Boundary Configurations in 2D

Suppose we have a binary image of porous soil structure, as shown in Figure 38, where each blue pixel defines solid while white pixel
stands fir pore. Given a binary image, there are three approaches to define the fluid domain and lattice. The first approach is shown in Figure
39, where each node is allocated at the center of each pixel. The first fluid node near the solid wall is considered as a boundary node. The
nonslip (or prescribed velocity) boundary condition is assigned to the boundary (first fluid) node. The disadvantage of this approach is that
the zero velocity is at the center of the first fluid pixel rather than on the exact boundary.

Figure 38: Binary CT image of soil structure

Figure 39: The first approach: node is in the center of the pixel. The first fluid node is a boundary node. No extension on fluid domain.

B—— .~
- A


https://www.sciencedirect.com/science/article/pii/S0021999108003288
https://www.sciencedirect.com/science/article/pii/S0021999108002817
https://www.sciencedirect.com/science/article/pii/S0021999108002817
https://onlinelibrary.wiley.com/doi/abs/10.1002/fld.2549
https://onlinelibrary.wiley.com/doi/abs/10.1002/fld.2549

Onsite Construction of Mass-Conserved Boundary Conditions for Prescribed Velocities on

Solid Walls Using First and Third Order Moments for Lattice Boltzmann Simulations

The second approach is shown in Figure 40, where each node is located at the center of the pixel. The first solid node near the reconstructed
fluid node is considered as a boundary node. The nonslip (or prescribed velocity) boundary condition is assigned to the boundary (first solid)
node. Both collision and streaming steps will be implemented on the boundary node. Thus, the second approach is equivalent to extend the
fluid domain by one pixel towards a solid wall. The disadvantage of this approach is that the zero velocity is at the center of the first solid
pixel, rather than on the exact boundary. The third approach is shown in Figure 41, where each node is located at the corner of each pixel. The
boundary node is exactly at the original boundary. However, since both the collision and streaming steps will be implemented on the boundary
node, thus the whole pixel associated with that boundary node has to be filled with fluid, otherwise streaming between the boundary node and
neighboring pure fluid node is not fully specified. Therefore the fluid domain has to be extended by half pixel wide towards the solids wall. The
dark green area in Figure 41 is the original solid area, which is replaced by the fluid area. From the implementation point of view, there is no
difference between the white area, green area, or dark green area. Thus Figure 41 is equivalent to Figure 42

Figure 40: The second approach: node is in the center of the pixel. The first solid node is a boundary node. Fluid domain is extended by one pixel
towards a solid wall.

Figure 41: Third approach: node is on the edge of the original pixel. Fluid domain is extended by half a pixel towards a solid wall

Figure 42: Extended fluid domain based on the third approach.
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Note that in the third approach, after the fluid domain is extended, the minimum width of the pore is at least 2 pixels. In this paper, we
assume that the resolution of the image is fine enough so that both the minimum width of grain and pore is at least 2 pixels.

(;I‘o summarize, with the third approach, there are totally 6 different boundary configurations in 2D, as shown in Figure 43. Of course, any
rigid body rotation of a configuration above is also a possible configuration. We consider the two configurations to be identical if one of
them can be obtained by a rigid body rotation from another one.

If the particle population that comes out from a solid node is represented by a hollow double arrow and the particle population that comes
from fluid or boundary node is drawn as a solid arrow, then corresponding 6 boundary configurations in Figure 43 can be abstracted as Figure
44.

Figure 43: Boundary configurations based on the third approach.

4 5 6

Figure 44: All possible boundary configurations based on the third approach

Appendix B: Solution of Poisson’s Equation in A Square Domain
Consider Poisson’s equation

'u  d'u (B.1)
_+_
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ulan =0
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in which
Q=(-L1)x(-11) (B.2)
Introduce unknown function transformation
1_ 2
u(.2)=v(pz)+— (B.3)
Then Eq.(B.1) becomes into
2 322 -
» , (B.4)
vl _ z- =1
aQ 2
Eq. (B.4) is a Laplace’s equation, separate variables method is applicable, let
o0
v(3.2)=2.1,(v)2.(2)
n=0 (B.5)
2 o
ek (1:2) _ < o
=2 1(¥). ()
8_)/ n=0 (B.6)
Mv(yz) & ’
— =20 (»)el(z)
0z n=0 (B.7)
Substituting Eq. (B.6) and (B.7) into Eq. (B.4)
" z)+ "(z)=0
nZ:;,fn (»)g.(2)+1,(»)g!(2) 58)
A sufficient condition of Eq. (B.8) is
), &n(z)
+ =0
£ () 2.(2) (B.9)
Therefore, each term in Eq.(B.9) have to be constant. It is easy to prove first term is positive, thus
L) _ ez _ .
L) elz) (B.10)
The boundary condition in Eq.(B.4) reads
V(£12)= zo £.(#1)g,(2)= z22-1 (B.11)
v(y,tl):i;;fn(y)g,, (#1)=0
g:(z)+c:gn (z) =0
&(1)=0
ggn(Z)—zz_1 (B.12)
g,(z)=4,cosc,z+B,sinc,z (B.13)
g,(-1)=4,cosc,—B,sinc, =0 (B.14)
A =B, sinc, =D, sinc,
cosc,
(B.15)
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sinc
-B n
&(2)=8, cosc

n

cosc,z+B,sinc,z=D, [sm ¢, €osc,z +cosc, sin cnz] (B.16)

g.(z)=D, sin[cn (1+ z)]

(B.17)
2. ()=D.sin[2¢.1=0 s)
B.18
_nt
“77 (B.19)
g.(z)=D, sin(mrHTZ] 520)
. 1+z) z2-1
an s1n(n7r7j= 2
(B21)
L, 1+z),  sin(2n7)
Lsm (nﬂTde—l—7—1 (BZZ)
2 in(kz)-— kr)si
J-1 “in n7r1+z “in k7r1+z 0 I:ncos(nir)sm( 7)—cos( ﬂ)sm(nzr)]:()
-1 2 ﬂ(k2 —nz) (B.23)
2 —
D,,jl sin’ (nﬁ1+zjdz=jl z 1sin(nzrh_z dz
- 2 12 2 (B.24)
2 _ 4si 8 -1
D, =J-_llz . lsin(nﬂ1+zjdz= 51n(n27r)+ [cos(mz) ]
(n7) (n7) (B.25)
0 if n is even
D=9 10 it 1 isodd
(nz (B.26)
1_222:1—632.O: ! 3sin{(2k+l)7z1+_z:|
7 1= (2k+1) (B.27)
nr
70)-(] (=0
£, (£1)=1 (B.28)
sinh (nzr szj +sinh (nzz 1_2yj
5= sinh (n7) (B.29)
u=t (B.30)
_Eisinh[(Zk+1)ﬂHTy}+sinh[(2k+l)ﬂkTy} sin[(2k+l)7r1+Tz}
e sinh[(2k +1)7 ] (2k+1)’
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