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Introduction
Graphene is the name given to a monolayer of graphite 

which was discovered in year 2004 when few layered graphene 
sheet was mechanically exfoliated from pyrolytic graphite by 
KS Novoselov & AK Geim [1]. It was termed as a semiconductor 
with zero band gap having extremely high electron mobility 
and unusual thermal properties so it attracted great interest of 
scientific researchers with a number of research articles and 
reviews published every year signifying its various remarkable 
properties like mechanical, electronic, optical properties [2,3-
11]. Although a lot of research is ongoing in the area of thermal 
expansion and unsually high thermal conductivity of graphene 
[12-17]. 

But in-depth study of thermal behaviour of various 
thermodynamic properties of graphene is still in growing state. 
The h-BN sheet is another interesting 2D material having same 
hexagonal honeycomb lattice structure as graphene although 
electronic band structure is quite different with h-BN having a 
large band gap of 5-6 eV compared to zero band gap of graphene  
[18]. Despite differences in electronic properties, thermal  

 
expansion behavior of these materials follow a similar trend 
[19]. Inthe present paper we have made an effort to investigate 
and compare various thermodynamic properties of these 
materials and emphasizing on contribution from fexural and 
planar modes. 

Earlier we have studied phonon dispersion and various 
thermodynamic properties of pure graphene and thermal 
expansion behavior [12]. In an attempt to study the reason 
behind negative thermal expansion behavior of graphene, the 
out of plane flexural acoustic mode (ZA) mode contribution 
was separated from other modes contribution. ZA mode has 
largely negative Grüneisen parameters near Г point which 
contributes to negative LTEC near room temperature [19]. It 
is the effect of negative Grüneisen parameter of ZA mode near 
Г point which makes it to behave entirely different from other 
modes of vibration. Among all other modes, the in-plane modes 
(longitudinal and transverse acoustical and optical modes) have 
positive Grüneisen parameters while ZO mode (out of plane 
optical mode) also shows negative Grüneisen parameter but 
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Abstract

Graphene, a 2D honeycomb lattice structure of carbon is widely studied due to its unique electronic and remarkable thermal properties 
such as negative thermal expansion and extremely high thermal conductivity. The h-BN sheet is another 2D material with same crystal structure 
having entirely different electronic properties but similar thermodynamic propertiesas compared to graphene. We have studied earlier that the 
flexural acoustic mode has a major contribution in negative behavior of thermal expansion in grapheneand h-BN sheet too. In view of further 
understanding the unique behavior of various thermodynamic properties like heat capacity, entropy and free energy of these 2D materials, 
we havecompared these properties for the two and also focused specifically on the individual contribution of planar and flexural modesin the 
temperature range of 0-1500K. 

The study is performed using ab-initio density functional perturbation theory (DFPT) employed in VASP code. Then dynamical matrix and 
force constants are calculated in interface with phonopy software. The calculation of branch dependent various thermodynamic properties 
suggests that it is the transverse acoustic mode which has major contribution in dictating these properties at low temperatures (<300K) in 
graphene as well as h-BN sheet. The extensive study of comparison of specific heat, entropy and free energy for graphene and h-BN sheet and 
their branch dependence are reported here for the first time. 
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its value is very small as compared to the value for ZA mode. 
Thus it is only the ZA mode whose contribution dictates the 
negative thermal expansion behavior in pure graphene at low 
temperatures. Similar behavior was obtained for h-BN sheet 
having largely negative Grüneisen parameter corresponding to 
ZA mode which produces more negative thermal expansion in 
h-BN sheet compared to pure graphene. 

In continuation of the above mentioned studies, in the 
present paper we have compared thermodynamic properties of 
two materials and focused on the role of ZA mode in contributing 
to various thermodynamic properties. There is only one reported 
theoretical work on mode dependence of specific heat [20] for 
graphene while no comparison or mode dependence on entropy 
and free energy has been reported till date. 

Theory and Computational Details
The phonon frequencies and Grüneisenparameters are 

calculated using ab-initio density functional theory implemented 
in VASP code in combination with phonopy code [21-23]. A 4x4 
supercell of graphene is used with a plane wave cut off energy 
of 750eV and a separation of 12Å between layers is maintained. 
The generalized gradient approximation is used under Perdew-
Burke-Ernzerhof (PBE) exchange correlational functional. The 
monkhorst pack gamma centered k-mesh of 7x7x1 is used for 
brilluion zone sampling. The structure is fully relaxed until the 
Hellmann-Feynman forces were less than about 0. 005 eV/Å. 
The heat capacity per unit cell and entropy (S) is obtained by 
summing the contribution of all the phonon branches and 
separately for ZA branch alone as given inthe expressions below 

[24]. 
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In these expressions,  iωq  are the phonon frequencies for 
wave vector q and phonon branch index i. 

The free energy expression [24] used for calculating total 
and ZA mode free energy is given as
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Where ( )0Vϕ  is the ground state energy. 

Results and Discussion
A comparative plot of total specific heat, entropy and free 

energy of pure graphene and h-BN sheet in the temperature 
range of 0-1500K using the expressions given in equations (1), 
(2) and (3) is shown in Figure 1. Since melting point of graphene 
is around 4000K and h-BN is around 3000K, for our study we 
have selected the range of temperature to 0-1500K in which 
contribution of anharmonic terms to phonon frequencies can be 
neglected. The specific heat of pure graphene has earlier been 
studied and found in good agreement with other theoretical 
and experimental studies [12]. Using the similar approach for 
h-BN sheet, we have found the variation in specific heat with 
temperature and compared with the pure graphene. 

Figure 1: Comparison of variation of specific heat, entropy and free energy of pure graphene and h-BN sheet with temperatu.
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The specific heat curve is found to be linear in the low 
temperture region contrary to specific heat for pure graphene 
at low temperatures. The value of specific heat is higher for 
h-BN sheet at all temperatures and reaches a constant value of 
23.3J/K/mol slightly higher than graphene in accordance with 
dulong-petit limit of 25J/K/mol. The comparison of entropy and 
free energy curves also shows that the values for h-BN sheet are 
higher as compared to pure graphene with same trend and same 
range of values. Thus thermodynamic properties of both the 
materials are closely related to each other and when compared 
with doped graphene, it follows naturally that increasing the 
doping of pure graphene sheet with B and N dopants increases 
the values of these thermoynamic properties [12] and further 
increases for h-BN sheet which can be obtained by replacing 
both the carbon atoms of unit cell of graphene with boron and 
nitrogen. 

After compairing the thermodynamic properties of these 
materials, we studied the branch dependence of these properties 
for pure graphene and h-BN sheet. Earlier studies on in-plane 
and out of plane mode contribution to specific heat [20] of pure 
graphene shows that out of plane and in-plane contributions are 
nearly same at high temperatures(>1000K). Below 200K, only 
ZA mode contributed to specific heat while between 200-500K, 
both in-plane and out of plane contributions are dominant. We 
have attempted to separate the ZA mode contribution from 
total specific heat. Figure 2a clearly indicates that near room 
temperature ZA mode contribution is almost half of the total 
specific heat. Below 50K, the specific heat is contributed only 
by ZA mode and as temperature increases, the other modes also 
start contributing and overall specific heat value increases and 
starts deviating from ZA branch with increase in temperature. 

Figure 2: Variation of total a) specific heat, b) entropy and c) free energy of pure graphene with temperature compared with their ZA 
mode contribution.

While specific heat reaches towards a constant value at 
high tempertures, the contribution of ZA mode is almost one 
fifth part of the total value of specific heatat high temperatures. 
This implies that ZA mode contribution overpowersthat of 
other modesat low temperatures, since at low temperatures 
only acoustic modes are excited, of which ZA (flexural) mode 
dominates the other two modes (longitudinal and transverse 
acoustic). We have calculated the contribution of each branch 
separately and the overall specific heat matches well with theory 
[5,25] and experiment [26]. The specific contribution of various 
branches to specific heat is the least studied area. 

The entropy of graphene is not studied precisely till date with 
a contribution from each phonon mode separately calculated so 
that the contribution of most dictating branch i.e. ZA branch 
stands out specifically at low temperatures. The specific heat 

and entropy curves show a similar trend with ZA mode dictating 
the low temperature and approaching towards almost one fifth 
contributions as temperature reaches the value of 1000K. The 
entropy curve shows a linear behaviour at high temperatures 
which is expected since entropy of any material increases with 
increase in temperature (Figure 2b). 

The variation of total free energy with temperatureis 
compared with its ZA mode contribution in Figure 2c. It shows 
that the contribution of ZA mode to free energy is minimum at low 
temperatures and reduces to negative value as the temperature 
rises. At high temperatures beyond 1400K the contribution of 
ZA mode diminishes to largely negative value. This is unusual 
as ZA mode contribution becomes higher than total free energy 
above this point. This is due to negative contribution from other 
modes also lowering the total free energy of the system. As the 
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temperature is increased, free energy of the system keeps on 
decreasing and the ZA mode has dominant effect in decreasing 
the overall free energy. 

In continuation of this study, the branch dependence of 
all modes for h-BN sheet has also been studied and reported 
here. Figure 3 shows the contribution of each mode separately 
contributing to these thermodynamic properties. In Figure 3a, 
the variation of specific heat with temperature is shown. As can 
be seen in the Figure, ZA mode has highest contribution while 
optical modes have lowest contribution at low temperatures; 
whiles at high temperatures all the modes contribute almost 
equally to reach a constant value. Since at low temperatures only 
acoustic modes are excited, the contribution from optical modes 
is negligible. 

Similarly Figure 3b shows the variation of entropy with 
temperature, where ZA mode contribution is highest at all 
temperatures which stands out from all other modes. Entropy 
does not reach a constant value and keeps on increasing with 
temperature. Figure 3c shows the variation of free energy 
with temperature. Similar to behaviour in pure graphene, here 
ZA mode contribution is lowest and continues to decrease 
with temperature reaching even negative values at high 
temperatures. This is interestingly different behaviour when 
the total free energy crosses all other modes contribution at 
high temperatures. Thus it becomes clear from the curve that 
ZA mode has highest contribution in decreasing the total free 
energy of the structure as its value is largely negative at high 
temperatures. 

Figure 3 : Variation of total a) specific heat, b) entropy and c) free energy of h-BN sheet with temperature compared individual contri-
bution from all modes of vibration.  

We have made an comparative study of thermodynamic 
properties of pure graphene and h-BN sheet. The behaviour of 
two materials are quite similar in thermal and thermodynamic 
properties with h-BN sheet having slightly higher values of 
specific heat and entropy while lower values of free energy as 
compared to pure graphene. The analysis of contribution of ZA 
mode separately to total thermodynamic properties in graphene 
shows that ZA mode has significant contribution to each 
property. Although all the modes of vibration contribute almost 
equally at high temperaturesas can be seen in the extensive 
study of all modes contribution in h-BN sheet towards various 
thermodynamic properties but the effect of ZA mode is highest 
among them dominantly at low temperatures. The ZA mode 
contribution is highest to entropy and specific heat while its 
contribution is minimum in free energy suggesting maximum 
contribution in reducing the free energy of the system. The ZA 

mode contribution to various thermal properties of graphene 
and h-BN sheet stands out from other modes contribution 
which can be utilised in temperature dependent applications by 
retstricting or allowing out of plane vibrations in these materials. 
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